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,J^ ' The Poincare series of a multi-index filtration on the ring of germs of 

C^ . functions can be written as a certain integral with respect to the Euler 

characteristic over the projectivization of the ring. Here this integral 
is considered with respect to the generalized Euler characteristic with 
values in the Grothendieck ring of varieties. For the filtration defined 
^ I by orders of functions on the components of a plane curve singularity C 

(SJ ' a sequence of blowing-ups there are given formulae for this integral in 

^O , terms of an embedded resolution of the germ C or in terms of the modifi- 

_j. \ cation respectively. The generalized Euler characteristic of the extended 

^) ' semigroup corresponding to the divisorial filtration is computed. 

-(— > 



Introduction 

r 

Let (C, 0) C (C", 0) be a germ of a reduced analytic curve, let C = |J Ck be its 

k=\ 

H \ decomposition into irreducible components, and let ^9^ : (C, 0) -^ (C",0), k = 

1, . . . , r, be parametrizations of the components Ck of the curve C; i.e. germs 
of analytic maps such that Im ipk = Ck and ipk is an isomorphism between C 
and Ck outside of the origin (in a neighbourhood of it). For a germ g G Oc",o 
let Vk = Vk{g) and a^ = ak{g) be the power of the leading term and the 
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coefficient at it in the power series decomposition of the germ go^pf. : (C, 0) — > 
C, (yf o ifkij) = flfcT^'"' + terms of higher degree, a^ 7^ 0. If (7 o ipkij) = 0, 
Vk{g) is assumed to be equal to 00 and ak{g) is not defined. Let v_{g) := 
{vr{g), ..., Vr{g)) e Z^>o, a(^) := (a^ig), ..., a,(^)) G {C*Y. 

The functions (valuations) f^ define a multi-index ffitration on the ring 
Oc^fi. for t; G Z'', the corresponding subspace J{v) is defined as {(7 G Oc",o ^ 
2^(^) ^ li}- In there was computed the (appropriately defined) Poincare 
series of the described multi-index filtration on the ring Oq^q for a plane curve 
singularity C (i.e., for n = 2). It appeared to be equal to the Alexander 
polynomial of the algebraic link C Ci S^ G S^ corresponding to the curve C 
{S^ is the sphere of radius e centred at the origin of C^ with positive e small 
enough) . 

Inspired by the notion of motivic integration (see, e.g., [7], ^2]) there was 
defined the notion of the Euler characteristic of (some) subsets of the ring Ov,o 
of functions on a germ {V,0) of an analytic variety or of its projectivization 
¥Ovfl and the corresponding notion of the integration with respect to the Euler 
characteristic (see, e.g., jID])- Here the Euler characteristic can be considered 
both as the usual one x with values in Z and the generalized one Xg with values 
in the Grothendieck ring of complex algebraic varieties localized by the class 
L of the complex affine line: -ft"o(Vc)(L)- 

It was shown that the Poincare series P(ti, . . . ,tj.) of a multi-index filtra- 
tion {J{v_)} on the ring Ovfl (finitely determined: see the definition below) is 
equal to the integral with respect to the Euler characteristic over the projec- 
tivization FOvfl of the ring of functions: 

P{h,...,tr)= [ tj-^'^dx (1) 
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{t = (ti, . . . ,tr), t- = tl^-...- f"/). Moreover, this representation permitted 
to give a considerably shorter proof of the mentioned formula for the Poincare 
series of the ffitration defined by orders Vi{g) of a function on the components 
of the plane curve singularity C (see p|) and to compute Poincare series of 
some other multi- index ffitrations: |HI, |1], ... 

It is natural to consider the integral like the one in the equation (Q) with 
respect to the generalized Euler characteristic Xg- This integral is a series in t 
and q = L^^. Generally speaking it is a more fine invariant than the Poincare 
series itself (for non-plane curves). We give two formulae for it. The ffist one 
is in terms of the Hilbert function h{v) = dimOvfl/J{v)- The second one, for 
the described ffitration defined by the orders of functions on the components 
of a plane curve singularity (and also for the so called divisorial filtration for a 
modification of (C^, 0) by a series of blowing-ups) is in terms of an embedded 



resolution of the curve C (or in terms of the modification respectively). We 
also give a formula for the generalized Euler characteristic of the extended 
semigroup corresponding to the divisorial filtration. 

1 Multi-index filtrations and integrals with re- 
spect to the Euler characteristic. 

Let (V, 0) be a germ of an analytic variety. A one index filtration 

Ovfl = Jo^ Ji^ ...^ Jn^ ■■■ (2) 

on the ring Oyfi of germs of functions on (V, 0) by vector subspaces can be 
defined by a function v : Ov,o -^ Z>o U {c>o} {v{g) = sup{i : g G Jj}) with the 
properties 

v{\g) = v{g) forAGC*, 

vigi + 92) > mm{v{gi), v{g2)}. 

Sometimes the additional property 



(3) 



v{gig2) = v{gi) + v{g2) (4) 

is required (i.e., w is a valuation). It guaranties that Q is a filtration by ideals 
and that Jj ■ Jj C Jj+j. 

The Poincare series of the filtration Q is the series 

00 
P(t) = ^dim(J,/J,+i)-f (5) 

i=0 

(it makes sense if the dimensions of all the factors Jj/Jj+i are finite). 

A multi-index filtration on the ring Cy,o is defined by a system {vi, . . . ,Vr} 
of functions Ov,o ^ Z>oU{oo} satisfying the properties Q: the corresponding 
system of subspaces J{v), v = {vi, . . . ,Vr) G Z^, is defined by J{v) = {g E 
Ovfl ■■ v{g) > v}. (Here v' > v" {v',v" G Z^) if and only if v'^ > v'^ for all 
k = l,...,r.) 

Remark. It is sufficient to define the subspaces J{v) only for nonnegative v, 
i.e for V G Z>q, however, it will be convenient if J{v) is defined for all v G Z^. 

We say that the filtration {J{v)} is finitely determined if, for any v E Z"^ , 
there exists A^ such that J{v) D m^, where m is the maximal ideal in the ring 
Ovfi- If the multi-index filtration {J{v)} is finitely determined, all subspaces 
J{v) have finite codimension. In what follows all filtrations are assumed to 



be finitely determined. Let h{v) = dim.Ov,o/J{v). We shall call h{v) (as a 
function of v) the Hilbert function of the filtration {J{v)}. 

Before describing a multi-index version of the Poincare series it is conve- 
nient to define the notion of integration with respect to the Euler characteristic 
over the projectivization FOv,o of the ring (space) Ov,o and to interpret the 
Poincare series P{t) as such an integral (similar to the equation ([Q)). 

Let KoiVc) be the Grothendieck ring of quasi-projective varieties. It is 
generated by classes [X] of such varieties subject to the relations: 

1) ifXi = X2, then [Xi] = [X2]; 

2) if Y is Zariski closed in X, then [X] = [Y] + [X \ F] 

(the multiplication is defined by the Cartesian product). Let L be the class [A^ 
of the complex affine line. The class L is not equal to zero in the ring Kq{Vc)- 
Moreover the natural ring homomorphism Z[x] — > Ko{Vc) which sends x to 
L is an inclusion. Let Kq{V(c)(l) be the localization of the Grothendieck ring 
Kq{Vc) by the class L. The natural homomorphism Z[a;](a:) —>■ -ft'o(Vc)(L) is an 
inclusion as well. 

Let JyQ, p > 0, be the space of p-jets of functions at the origin in (V, 0), 
i.e. JyQ = Oy,o/^^^^) where m is the maximal ideal in the ring Oyfl- It is 
a finite dimensional space. Let d{p) = dimJ^-Q. For (V^, 0) = (€",0) one has 
d{p) = (^~^^Y For a complex vector space L (finite or infinite dimensional), let 
PL = (L \ {0})/C* be its projectivization, let P*L be the disjoint union of PL 
with a point (in some sense P*L = L/C*). One has natural maps Tip : FOv,o — *■ 
PV^o and TTp^g : P* J^^q ^ ^*Jv,o for p > g > 0. Over PJ-^g C P* J^q the map 
TTp^q is a locally trivial fibration, the fibre of which is a complex affine space of 
dimension d{p) — d{q). 

Definition: A subset X C POv,o is said to be cylindric if X = -Kp^iY) for a 
constructible subset Y C PJ^^q ^ ^*Jv,o- 

This definition means that the condition for a function g G Oyfl to belong 
to the set X is a constructible (and C*-invariant) condition on the p-jet of the 
germ g. 

Definition: For a cyhndric subset X C PCy,o (X = 7r^^(r), Y C FJ^^^, Y 
is constructible), its Euler characteristic x{^) is defined as the Euler charac- 
teristic xO^) of the set Y. The generalized Euler characteristic Xg{^) of the 
cylindric subset X is the element [Y] ■ L^'^^^'^ of the ring i^o(Vc)(L)- 

The generalized Euler characteristic Xg{^) is well defined since, if X = 
71^^ (Y'), Y' C PLyQ, p > q, then y is a locally trivial fibration over Y' with 
the fibre C'^^p^-'^M and therefore [Y] = [Y'] ■ h'^M-^M . 

Let ip : FOvfi — > A be a function with values in an Abelian group A with 
countably many values. 



Definition: We say that the function ip is cyhndric if, for each a 7^ 0, the set 

il)^^{a) C IPCv,o is cylindric. 

Definition: The integral of a cyhndric function ip over the space P0y,o with 
respect to the Euler characteristic (respectively with respect to the generalized 
Euler characteristic) is 



/ i^dx. := Y] X.(^ \a)) " a, 



where x» is the usual Euler characteristic x oi' the generalized Euler char- 
acteristic Xg respectively, if this sum makes sense in A (respectively in 
A ®i -K'o(Vc)(L))- If the integral exists (makes sense) the function ip is said to 
be integrable. 

One can easily see that the Poincare series (0) of a one index filtration is 
equal to the following integral with respect to the Euler characteristic: 

P{t)= [ t<^Ux. (6) 

JfOvfi 

Here f"^^^ is considered as a function on Ova (or ¥Ovfi) with values in the 
Abelian group Z[[t]] of power series in t with integral coefficients; t°° is sup- 
posed to be equal to 0. The above equality follows immediately from the fact 
that, for a complex vector space L of finite dimension, one has dimL = x(PL). 
Let us use the following definition inspired by ©• 

Definition: The Poincare series of a multi-index filtration { J(w)}, y_ G Z'', on 
the ring Oyo is the power series in r variables ti, . . . , t^ defined as the following 
integral with respect to the Euler characteristic: 

P(t)= [ tJ^'Ux. (7) 

JpOvfi 

In j2] and [H] it was essentially shown than the Poincare series P{t) also 
has the following description which in fact was its initial definition in j3j (for- 
mally speaking, in the cited papers this statement is proved for a particular 
filtration, however, there is no difference; see also Proposition El below). Let 
1 = (1,1,...,!) G Zr Let 



L{t) = J2 dMJ{v)/Jiv + l))-t^ 



veZ"- 



The series L{t) contains negative powers of variables ti, however, it does not 
contain monomials t- with purely negative v (i.e. all components of which 



are negative). It is convenient to consider L{t) as an element of the set C of 
formal Laurent series in the variables ti, . . . , t^ with integer coefficients without 
purely negative exponents; i.e. of expressions of the form ^ d{v) -t- with 

d{v) e Z. 



Proposition 1 



m ■ n ih 

p{t) "=' 



t^ ■ . . . ■ tr — 1 



In analogy to [0] , |H] , |lj , one can define a notion of the extended semigroup 
of the multi-index filtration {J{v)}. For K C Kq = {1,2, . . . , r}, let ^K be the 
number of elements in K, let Ij^ be the element of Z>q whose ith component is 
equal to 1 or ii i E K or i ^ K respectively (one has 1 = Xkq)- For H ^ ^>05 
let 

r 

F._ := {J{v)/J{v + 1)) \ U {J{v + l|fc})/ Jfe + 1)) . 

fc=i 

Definition: The extended semigroup S is the union of the spaces F^ for 

The spaces F„ are called fibres of the extended semigroup S. The space 
S" is a graded space in the sense of (i.e. its components are numbered by 
elements of Z>q; in other words there is a function v_on S with values in Z>q 
constant on connected components Fy_ of S: it has value v on F^). It is really 
a semigroup if the functions Vi which define the filtration are valuations, i.e. 
satisfy the property Q. In this case the semigroup operation in S is defined 
by multiplication of functions. For the filtration defined by orders of functions 

r 

on components Ck of a curve C = [j Ck C (C",0), the extended semigroup 

fc=i 

S is the set {ivig),a{g))} C Z^q x (C*)*" for all g G 0c",o with Vkig) < oo 
for k = 1, . . . ,r. The fibre F^ is the complement to an arrangement of linear 
subspaces in a linear space. Let PF^ = Fy_/C* be its projectivization. The 
union FS of the spaces FFy is (called) the projectivization of the extended 
semigroup S. (The projectivization FS is a semigroup itself if the functions 
Vi are valuations.) From (|7j) one can easily see that the Poincare series P{t) 
is equal to the integral of the function t- over the projectivization PS* of the 
extended semigroup with respect to the Euler characteristic: 

Pit)= [ tjdx. (9) 

Jfs 



2 Generalized Poincare series of multi-index 
filtrations. 

Using integration with respect to the generahzed Euler characteristic one can 
define the following two generalizations of the Poincare series P(ti, . . . , t^)- 
Definition: The generalized Poincare series Pg{t) of a filtration J{v_) defined 
by vig) = {vi{g),..., Vr{g)) is the integral 

Pg{t) = I tj-^'^dxg e iro(Vc)(L)[[ti, . . -M 

JfOv,o 

over the projectivization ^Ov,o of the ring Ov,o with respect to the generalized 
Euler characteristic Xg- 

The subset of the projectivization WOv,o where t-^^' is equal to t- (i.e., 

r 

where v{g) = v) is the projectivization of the complement J{v)\ |J J(t^+l{^|). 

fe=i 
Because of that all the coefficients of the series Pg{t) are polynomials in 

L~^. Therefore we shall write Pg(ti, . . . ,tr) as a series Pg(ti, . . . ,tr,q) G 

Z[[ti, . . . ,tr,q]] in ti, ..., tr, and q = L~^. One has P{ti, . . . ,tr) = 

Pgiti, . . . ,tr, 1). 

To give "a motivic version" of Proposition Q let us define the corresponding 
version of the series L{t): Lg{ti, . . . ,tr,q) E C[q]. We have indicated that the 
reason for Proposition Q is the following formula for the dimension. Let A and 
A' be subspaces of Ov,o of finite codimension. Then dira{A/A') = x(P(A) \ 
F{A')). Substituting the usual Euler characteristic x by the generalized one Xg, 
one gets the following "motivic version" of the dimension: " dim^ " {A/ A') = 
Xgi^A) \ ¥{A')). Let codim A = a, codim A' = a' (a' > a). Then XgC^i^) \ 
')) = g'^ + g"+i + . . . + g"^'-! = q'' ■ killZl^ Therefore let Lg{t, q) ( "a motivic 
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version" of L{t)) be the series 



1 ^h{v+l)-h(v) 



v& 



l-q 



Proposition 2 



Lgit,q)- m-tk-l) 
Pn{t,q) = — 



Proof. One has 



r 
v£Z'- k=l 

v&l"- \K(ZKo J 



Therefore 

{h-...-tr-l)-Pg{t,q) 



veZ^ \KcKo / 

veV \KcKo J 

v&Z'- KcKo 

v<31 KcKo ^ 



r r 



1 ph{v+l)—h{v) 

E ^'^"^ • — i" " -^^ I ■ n('^'^ - 1) = ^^fe^) ■ n(^^ - 1) • 

^ ' fc=l k=l 



D 



Generally speaking, the generalized Poincare series Pg{t,q) is a more fine 
invariant of a filtration than the (usual) Poincare series P{t). Moreover this 
already holds for filtrations defined by orders of functions on components of 
curve singularities. Theorem Q] below shows that this cannot happen for plane 
curve singularities: two plane curve singularities with the same Poincare series 
P(t) are topologically equivalent, have topologically equivalent resolutions and 
therefore equal generalized Poincare series Pg{t,q). However this can happen 
for non plane curve singularities what can be seen from the following example 
taken from [Sj. 

Example. Let C = C1UC2 C (C^ 0) (respectively C" = C(UC^ C (C^0)) be 
the germ of a curve whose branches Ci and C2 (resp. C[ and C2) are defined 



by the parametrizations (t G C, m G C): 

Ci ={(t^t^t^t^t5)}, c^ = {{u\u\u\u\u')} 
(resp. c; ={(t^t^t^t^t^t6)}, c^ ={{u\u\u\u\u'',u')}). 

The local rings Oc^ and Oc',o of the curves C and C", as subrings of the 
normalizations C{t} x C{m}, are: 

Oc,o = c{(t^«2),(t^«3),(t^w^),(t^w2),(t^w^)}, 

The corresponding semigroups of values are, respectively, 

S = {(0,0),(3,3),(2,fc),(£,2),(r,s):fc>2,^>3,r,s>4}, 
S' = {(0,0),(3,3),(r,s):r,s>4}. 

An easy computation shows that in both cases the Poincare series is the poly- 
nomial P{t) = 1 + tftl. However one has h{3,3) = 1 for the curve C and 
^(3,3) = 3 for C (note that a basis for this case consists of the classes of 1, 
{t'^,u'^) and {f^.v?) with the linear dependence (t^,M^) + (t^,M^) — {t^.u^) = 
lt^,u^) in J(3,3) ). 

Remark. The example shows that, generally speaking, the Poincare series 
P{ti, . . . ,tr) of the multi-index filtration {J{v_)} defined by a system of func- 
tions {ffc}, k E Kq = {1,2, ...,r}, does not determine the Hilbert function 
h{v). However, the set of the Poincare series of the filtrations defined by 
all subsystems of {vk} does determine the Hilbert function. For K C Kq, 
let Pk{Q be the Poincare series corresponding to the system {vk '■ k G K} 
(it really depends on variables tk only with k E K; Pxait) = P{t))- Let 
H{t) = ^ ■h{v)tr ■ The same arguments as in jH] or j3] show that 



E (-i)^-*^i^x(t) ■ (ti . . . . . t. - 1) I fo, 

(in jH] there is a misprint: the factor t is forgotten; it is corrected in [I]). The 
fact that, in general, the Poincare series P{t) does not determine the Hilbert 
function h{t) implies that it does not determine the Poincare series Pxit) for 
K C Kq. This can be explained by the fact that both P{t) and Pxit) can 
be computed as integrals of the type ((Zj). However, those g G 0v,o, for which 
Vk{g) < C)0 for all A; G -ft' but Vk{g) = oo for some k ^ K, participate in the 
integral for Pa'(^), but do not participate in the integral for P{t): in this case 

9 



fnig) = Q This gives the following fact. Suppose that the set of functions Vk 
which defines the filtration is such that if Vk{g) = oo for certain k G Kq then 
Vk{g) = cxD for all k E Kq. Then PKit) = P{t) L^ ^^ ^^^ k<iKy This holds, in 
particular, for the divisorial valuations discussed below. 

One can also consider a generalization of the Poincare series P(ti, . . . ,t^) 
which emerges from the equation (jH)). 

Definition: The generalized semigroup Poincare series Pg{t) of a filtration 
{J{v)} defined by v{g) = {vi{g), . . . ,Vr{g)) is the integral 

Jvs 

over the projectivization of the extended semigroup S with respect to the 
generalized Euler characteristic Xg- 

All connected components of FS (i.e. projectivizations PF^ of the fibres 
F„) are complements to arrangements of projective subspaces in finite di- 
mensional (!) projective spaces. Because of that all the coefficients of the 
series Pg{t) are polynomials in L. Therefore we shall write Pg{ti, . . . ,tr) as 
a series Pg(ti, . . . ,tr,h) G Z[[ti, . . . , tj,,L]] in ti, ..., tr, and L. One has 

P{tl, . . . ,tr) = Pg{tl, . . . ,tr,l). 

Repeating the arguments of Proposition |2l one gets the following equation: 



, , ^vdir I k=\ 



t\ • . . . • ty 1 

3 The Poincare series Pg[t^ q) in terms of an 
embedded resolution. 

r 

Let C C (C^, 0) be a (reduced) plane curve singularity, C = [j Ck, Ck = {fk = 

k=\ 

0}, jk G C^c2,0! and let vr : {X,V) -^ (C^,0) be an embedded resolution of it. 
Let the exceptional divisor T> of the resolution vr be the union of irreducible 
components Ei, i = 1, . . . , s, each of them is isomorphic to the projective 

o 

line CP^. Let Ei be the "nonsingular part" of the component Ei, i.e., Ei 
minus intersection points with all other components of the total transform 

(/o7r)~^(0) of the curve C. We shall denote by Ei the "nonsingular part" of the 
component Ei in the space X of the resolution, i.e., Ei minus intersection points 
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with all other components Ej of the exceptional divisor V. For i = 1, . . . , s 
and g G 0^2 q \ {0}, let Wi{g) be the multiphcity of the lifting g = g o n oi 
the function g to the space X of the resolution along the component Ei of 
the exceptional divisor V. The valuations Wi define a multi-index filtration 
(called divisorial) {J^{w)} on the ring Oc^o^ J^iw) = {d '■ w{g) > w}. 
For /c = 1, . . . , r, let i{k) be the number of the component Ei {i = i{k)) of the 
exceptional divisor V which intersects the strict transform C^ of the component 
Ck of the curve C. Let A = {Ei o Ej) be the intersection matrix of the 
components Ei. (For each i the self-intersection number {Ei o Ei) is negative, 
for i y^ j the intersection number {Ei o Ej) is either or 1; det A = ±1.) 
Let M = —A'^. The entries rriij of the matrix M are positive and have the 
following meaning. Let Li be a germ of a smooth curve on X transversal to 
the component Ei of the exceptional divisor "D at a smooth point (i.e., at a 

point of Ej) and let the projection Li = Tx{Li) C (C^,0) of the curve Li be 
given by an equation gi = 0, gi E 0^2 q. Then rriij = Wj{gi) = Wi{gj) = LioLj. 
Let Jo = {{i,j) : i < j, EiH Ej = pt}, Kq = {1,2, . . . ,r}. For a G Iq, 
o = {i,j), let Pa = EiHEj] for k G Kq, let Pk = Ei(^k)^Ck. For a = {i,j) G Iq, 
let i{a) := i, j(o") := j. For I C lo, K C Kq, let 

A/},i^ := {n = (ni,n^,n^,n^,n'^) : ni > 0,i = l,...,s; 
< > 0, < > 0, a G /; ni > 0, n^ > 0, A; G K}. 

For n G A/},_ft:, i = 1, . . . ,s, let 

rii ■.= ni+ Y^ < + Yl "-^ + 5Z ^fc- 



a£l:i(a)=i aSil: j{a)=i k£K:i(k) = 



Let 



\ij=l j=l \i=l / / k&K 

s 

I^(n) := Yl ^ilRv where m^ = (m^, • • • , m^J G Z^g, Vk{n) := Wi(k){n) + n'^. 

i=l 



Theorem 1 



F(n)-E n,-#I-#K 



P,{h,...,U,q) = Y. Y ^ -' ■{l-q)*^^*^X 



i=l \ j=0 J 
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Remark. One can see that the generahzed Poincare series Pg{t,q) of the 
discussed filtration represents a rational function in the variables ti, . . . , tr, 

r 

and q (in fact with the denominator H (^ ~ Qtk)). This is not immediately 

k=l 

clear from the equation of Theorem ^ 

Proof. In a neighbourhood of the point P^r, cr G Jq, (respectively of the point 
Pk, k G Kq) choose local coordinates x„, y„ (respectively x^, yu) so that the 
components of the total transform 7r~^(C) of the curve C are the coordinate 
lines: E^^^) = {y„ = 0}, Ej(^) = {x^ = 0} (respectively En^k) = {Vk = 0}, 
Ck = {xk = 0}). 

For a space X, let S'^X = X"'/Sn be the nth symmetric power of the space 
X. Let 

Y:= [j u (n^-^ixncxjiQ 

where C* and C^ are copies of the punctured line C* = C \ {0} numbered by 

(7 G Jo and A; G Kq respectively Let F„ = UUi S''' k x [l.e/ ^l x YlkeK ^l 
be the corresponding connected component of the space Y. The space Y 
can be considered as a semigroup with respect to the following semigroup 
operation. Let yi and j/2 be two points of Y which belong to the compo- 
nents Yin and Y2^ respectively, where ^n = (^ni,^n'^,^n'^,^n'i^,^n'l) G J\fn^K^, 
^n = (^rij, ^n^, ^n^, ^n'^,, ^n^') G A//2/^2. Then the product yiy2 belongs to the 
component Y^ with n = {ni,n'^,n'^,n'f,,n'l) G Mi^k such that I = P U P, 
K = K^ U K^, each of rii, n'^, n'^, n'^, and n'^' is equal to the sum of the cor- 
responding components in ^n and ^n where, if a component is absent (say, if 
a E I, but 0" ^ /^), it is assumed to be equal to zero. Moreover, in the factor 

o 

5*"' Ei of the component Y^ the product yiy2 is represented by the union of the 

o 

corresponding tuples of points of E^ in yi and in y2 (if a component is absent, 
the corresponding tuple is assumed to be empty); in the factor C* or C^ the 
product yiy2 is represented by the product of the corresponding components 
(nonzero numbers) in yi and in y2 (if a component is absent, it is assumed to 
be equal to 1). 

Let 0^2 Q = {(? G Oc2q : Vi{g) < oo for i = 1, . . . ,r} and let Init be the 
map ¥0^2 ^ ^ from the projectivization of 0^2 q defined in the follow- 
ing way. For g G C^2 q, let Fg C A* be the strict transform of the curve 
{^ = 0} C (C2,0). Let I{g) := {^ G Jq : P. G FJ, Kig) := {k G 
Kq : Pk E Tg}. Let Ui = ni{g), i = l,...,s, be the number of intersec- 

o 

tion points of the curve F^ with the smooth part Ei of the component E^ 
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counted with multiplicities. For a G I{g), let n'^ = n'^{g) := (Tg o Ei(^a-))p^, 
< = Kig) = (Tg o Ej^„))py, for k e kIq), let n'^ = n'^{g) := (Tg o Ei(fc))p^, 
n'^ = n'^{g) := (F^ o Ck)p^- For cr G /(fi') (respectively for k G K{g)), in 
a neighbourhood of the point Pa (respectively of the point Pk), the germ of 
the curve F^ is given by an equation ip„{x„,yo-) = 0, where ipa{xa,ya-) = 
aa^{g)xa'^ + b„{g)ya'' + terms with monomials x^y^ with either a > 0,/9 > 
0, or a > n^, or /? > n'^, a(j{g) ^ 0, &o-(fi') 7^ (respectively by an equa- 

n' n" 

tion (fk{xk, Vk) = 0, where ipk{xk, yk) = akig)^^'' + hk{g)y,,'' + . . . , 0^(5-) 7^ 0, 
hk{g) 7^ 0). Now I nit ((7) is an element of the summand Y^ corresponding to 
Ii.g)^ K{,g) and n = {ni{g),n'„{g),n'^{g),n'^{g),nl{g)) the components (factors) 

o 

of which are the following ones. In S*"* i?j, i = 1, ..., s, it is represented by the 

o 

set of the intersection points of the curve F^ and Ei counted with multiplicities; 
in C*, a G /((?), (respectively in C^, k G K{g)) it is represented by the element 
daig) '■ ba{g) (respectively by ak{g) : bk{g))- One can see that the map Init is 
a semigroup homomorphism ¥0^2 ^ ^) where the semigroup structure on 
P0^2 is defined by multiplication of functions. 

Lemma 1 For any point y E Y, the preimage Init^ (y) is an affine space 
in the projectivization P0c2,o of a finite codimension. Moreover, over each 
connected component Y^ of the space Y the map Int is a locally trivial fibration. 

This statement follows from the next one. 

Lemma 2 For g and g' from 0^2 q, Init (g) = Init {g') if and only if g' = ag+h, 
where a G C*, Wi{h) > Wi{g){= Wi{g')) for all i = 1, . . . ,s, Vkiji) > Vk{g){= 
Vk{g')) for allk = l,...,r. 

Proof. Let g = g o n and g' = g' o n he the liftings of the functions g and 
g' to the space X of the resolution. Their ratio ^ = g' /g is a meromorphic 
function on X. If Init (g) = Init {g'), then zeroes and poles of the function \1' on 
each component of the exceptional divisor V and of the strict transform C of 
the curve C cancel each other and therefore \1/ is a regular function on each of 
them (in particular, it is constant on each component Ei). The conditions on 
the coefficients in the power series decompositions of the functions g and g' at 
the intersection points of the total transform 7r^^(C) of the curve C imply that 
at all these points the values of the function \1/ on the both components of the 
total transform coincide. Therefore \1/ is a regular function on 7r~^(C) equal 
to a constant (say, a) on the exceptional divisor V. Therefore Wi{g' — ag) > 
Wi{g) ( = Wi{g') ), i = 1, . . . , s, Vk{g' - ag) > Vk{g) ( = Vkig') ), /c = 1, . . . , r. 
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In the other direction, ii g' = ag + h with a G C*, Wi{g' — ag) > Wi{g), 
i = 1, . . . , s, Vk{g' — ag) > Vk{g), k = 1, . . . , r, then \1/ is a regular function 
on the total transform 7r~^(C) and \E'|x) = a. Therefore zeroes and poles of 
the function "$ cancel each other on each component of the exceptional divisor 
T> and therefore the intersection points of the strict transform of the curves 
{g = 0} and {g' = 0} with each component Ei of the exceptional divisor 
V coincide (with their multiplicities). The intersection number of the strict 
transform of the curve {g = 0} with the component Ck of the strict transform 
of the curve C is equal to Vk{g) — Wi(^k){g) and therefore coincides with that of 
{g' = 0}. The fact that the ratios of the coefficients in local equations of the 
strict transforms of the curves {g = 0} and {g' = 0} at the intersection points 
of the components of 7r~^(C) are equal is obvious. D 

The number Wi{n) defined before Theorem ^ is just the multiplicity along 
the component E^ of the exceptional divisor V of the lifting of a function g 
such that lnit(5') G Y^- The number ffc(n) is the order of such a function on 
the component Ck of the curve. 

Lemma 121 says that the preimage Init^^(y) of a point y G Yn is an affine 
space whose codimension -F(n) in POc^.o is one less than the codimension of the 
ideal /„ in Oc2,o which consists of functions h with Wi{h) > Wi{n), i = 1, . . . , s 
and Vk{h) > fA;(n), k = 1, . . . ,r. Applying the Fubini formula to the map Init 
one gets 






Here [F^] = [C*]#^+#^ ■ nLJ-^"" ^^^^ [^1 = q-^ -\ = q-^{\ - q). The class 

O 

\S'^^ E^ as a polynomial in L = q~^ can be obtained from the formula 



j][^"i]r = (i-t) 



-[L-(l-x(i?.))] 



n=0 



(1 - 1)-^ ■ (1 - t)i->^(^') = ^ L"r ■ (1 - 1)^- 



X{E,) 



n=0 



(see, e.g., [H]). Therefore 

mm{n,l-x{-E;,)) 



1111111,, t,_L — ^(^i:/i;; , , ,^ 

o— n \ J / 



j=0 
min(ra,l-x(-Ei)) 



o— n \ J / 



j=0 
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Now to prove Theorem Q it remains to show that the codimension F{n) 
of the ideals /„ is given by the formula (fTn|l . Making additional blowing-ups 
at intersection points of the strict transforms Ck of the curve C with the ex- 
ceptional divisor V one reduces this problem to the case when K = ^. In 
this case the codimension we are interested in is equal to h^{w{n} + 1) ~ 1 
where h^{w) = dimOc^fi/J^{w) is the Hilbert function of the divisorial fil- 
tration {J^{w)}. The codimension h^{w{n)) can be computed by the formula 
h^{w{n)) = — |(D o D + ro o K) (it can be also obtained from the Hoskin- 
Deligne formula: see, e.g, ^), where D = X]i=i ^j(li) -^« = ~J2i=i^i^i^ 
K = -E'=i(2 + EiO Ei)E* is the canonical divisor of X and El, . . . , E; 
is the basis of divisors on X dual (with respect to the intersection form) 
to El, . . . ,Es. Finally the formula for h^{w{n) + 1) follows from the fact 
that an open part of FJ^{w{n)) is fibred over the Yli=i^i dimensional space 

11^=1 "S""' Ei with the fibre J^{w{n) + 1) (Lemma El applied to a function g 
with/(^) =0). 

Remark. If 'w[n) + 1 itself belongs to the semigroup of values of the set of 
divisorial valuations {w^} (i.e., if w{n) + 1 = w(n')) the last argument can 
be substituted by the direct computation of h^{'w{n) + 1) with the use of the 
formula indicated above. 

D 



4 The Poincare series Pg(t^ q) for divisorial val- 
uations and the Euler characteristic of its 
extended semigroup. 

Let TT : {X, V) -^ (C^, 0) be a modification of the complex plane by a sequence 
of blowing-ups at preimages of the origin in C^. Let the exceptional divisor V 
of the modification vr be the union of irreducible components E^, i = 1, . . . ,s, 

each of them is isomorphic to the projective line CP^. As above, let Ei be the 
"nonsingular part" of the component Ei, i.e., Ei minus intersection points with 
all other components Ej of the exceptional divisor V. For i = 1, . . . ,s and g G 
^£2,0 \ {0}, let Wi{g) be the multiplicity of the lifting g = g 0% oi the function 
g to the space X of the resolution along the component Ei of the exceptional 
divisor T>. Let A = [Ei o Ej) be the intersection matrix of the components Ei 
and let M = {rriij) = —A^^. Let {J^{'w)} be the divisorial filtration defined 
by the valuations w_i{g), i = 1, . . . , s\ J^{w) := {g e Oc2q : w{g) > w}. 

Let /o = {{i,j) : i < j, EiD Ej = pt}. For a e Iq, a = {i,j), let P^, i{a). 
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and j{a) be defined as in section |21 For I C Iq, let 

^F ■= {n = i^i, n'^, n'y. Hi > 0,1 = 1,..., s; n'^> 0, < > 0, a E I}. 
For n e Nf, i = 1, . . . , s, let 



n,- := n, 



cr£l:i{cr)=i aGl: j{a-)=i 



Let 



V,i=i 



' / L/j 4 I Lij I tj A 






M;(n) := ^ riim^. 



i=l 



Theorem 2 T/ie generalized Poincare series Pz'{ti, . . . ,tr,q) of the divisorial 
filtration {J^{w)} is equal to 

p;^{t^,...,tr,q) = E E^ '" ■(i-g)#'x 



X 



/C/o neA/'f 
s / minJTii.l-xC^^i)} 

n E ( 

i=l \ j=0 



-ly 



1 - x{E, 



\ 



J 



hmis) 



Proof. The arguments essentially repeat those of Theorem ^ with the use of 
the space 

ICio neUP Vi=l 



tG/ 



n 



In jH] it was shown that 



:iii 



j=i 



(it follows easily from the formula of Theorem 12)) • Since x{Ei 
Iq : i{a) = i or j{a) = i}, the equation ITTl can be rewritten as 



X(PS 



D) 
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2 - #{^ G 
(12) 



Let us write a version of the equation (J12j) for the generahzed Euler character- 
istic. 

Using the construction described in |2j one can define a map (in fact a 
semigroup homomorphism) 11 : Y^ -^ PS"/) in the following way. For y E Y, 
let r be an arbitrary (germ of a) curve on the space {X,V) of the resolution 
which represents the point y: see the description of the point of the space Y 
corresponding to the curve Tg in the proof of Theorem ^ Let the projection 
7r(r) of the curve F be given by an equation {g = 0}. If there is another curve F' 
like that and vr(F') = {g' = 0}, then the meromorphic function \E' = g' on/gon 
on the space X of the resolution is constant on the exceptional divisor T>. This 
implies that the points of the projectivization FSe> of the extended semigroup 
corresponding to the functions g and g' coincide. By definition this point is 
the image n(y) of the point y. 

Proposition 3 U is a semigroup isomorphism. 

Proof. This is a direct consequence of Lemma |21 □ 

Theorem 3 

n (1 - 1-"(-) - t-^f"^) + L t^.(.)t^.w) 

Proof. One has the following equalities: 



JPSn Jyo r^r„ ^.rn 



,^ ,^ ^' . EK+ E <+ E Orn, 

= > > (C*)* I I [S"*' EA ■ t '"^ '^^-^' '''^'"* ''^''- •'''^'=' = 

\ni>0; i=l,...,r i=l / y/C/o K>0, n^>0: a£l 

For the first factor one has 

s ^ s/oo \'' 

Y, nt"^"' ^^]-^ " '"^"^ = n Et"^" ^^] ■ ^""^ = n^i-^"') ~'^'' = 

ni>0; i=l,...,r j=l i=l \?i=0 / i=l 
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(the last expression is in the sense of ^T] ; it looks like a motivic version of the 
formula of A'Campo P) 

s 

_y.m^N-[CPl]+#{ae/o: i(a)=i}+#{aG/o: jW=i} ^ 



11(1 i' 



= Yl(l-t'^-y"-*'' ]^(l-i™"l->)(l-tmj(-i) = 

^ 1 

n- TT(l-t^^w)(l-t^iW) (13) 

(the last equality follows from the fact that (1 — t)~^ = 1/(1 — hi)). 
For the second factor one has 



^(c*)*-^ y2 t "--'(-) r"- 



K'^) 



(c*)*^ ■ TT - - = 

= n (i + Icir^TS^ • T^j^) ■ (1*) 

Combining (fT^ and (fT^ one gets 



^ i=l ^ - ''^ - ^ o-G/o 



t^.M)(l _ tl».w) + [C*] t^.Mt^.M] 



J] (1 _ t-'W - t-^(-) + L t^.Mt^.W) 
o-g/o 

n(l -t^^){l-ht^') 
1=1 
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